Abstract. For a general class of linear collisional kinetic models in the torus, including in particular the linearized Boltzmann equation for hard spheres, the linearized Landau equation with hard and moderately soft potentials and the semi-classical linearized fermionic and bosonic relaxation models, we prove explicit coercivity estimates on the associated integro-differential operator for some modified Sobolev norms. We deduce existence of classical solutions near equilibrium for the full non-linear models associated, with explicit regularity bounds, and we obtain explicit estimates on the rate of exponential convergence towards equilibrium in this perturbative setting. The proof is based on a linear energy method which combines the coercivity property of the collision operator in the velocity space with transport effects, in order to deduce coercivity estimates in the whole phase space. 
Introduction
In this paper we study a general class of linear inhomogeneous kinetic equations in the torus (including linearized Boltzmann, Landau, classical and semi-classical relaxation, and Fokker-Planck equations). We then use the properties of their evolution semi-groups to gain insight into the behaviour of the full non-linear models in the cases of Boltzmann and semi-classical relaxation models. The main tool is an estimate of the following type. Assume that the linear (self-adjoint) collision operator L acting only on the velocity space is coercive for a certain norm, and that L has a structure "mixing part + coercive part". Then the integro-differential operator T = L−v ·∇ x (taking into account transport effects) acting on phase space x and v, satisfies a coercivity property in x and v, which implies in particular the existence of a spectral gap estimate when L has a spectral in velocity (note that in general T is not sectorial). Moreover our proof shows how to compute the constant of coercivity of T according to the one of L in the velocity space (and thus the rate of exponential convergence to equilibrium when L has a spectral gap in velocity). Before we explain our method and results in more detail, let us introduce the models and problems in a precise way.
1.1. The Problem and its motivation. In order to study the convergence to equilibrium, a new quantitative method in the large, the "entropy-entropy-production" method (EEP-method), has developed from the beginning of the 1990 decade, see [5, 6, 36] in the spatially homogeneous setting, and [11] in the spatially inhomogeneous setting. It has provided new powerful and robust tools in the study of relaxation towards equilibrium (see for instance [11, 12, 3, 15, 33] ), and seems to be the best suitable approach to deal with non-linear models in the large. However, it can be seen from these references that the method, while very robust with respect to nonlinearities and able to deal with external potentials at no increased difficulties, has two major shortcomings. First it relies on uniform in time estimates of regularity of the solution, that are usually hard to establish. Second, it seems to fail to give the optimal rate of convergence, in particular when L has a spectral gap in velocity it fails to give exponential rate of convergence to equilibrium.
In this article we provide a linear energy method, combined with some explicit coercivity estimates on the linearized collision operator in order to overcome these problems for linear models, or for non-linear models in the perturbative setting. The difference when compared to the EEP-method is that the convergence as well as the uniform in time regularity bounds are obtained in a single step. However this approach is linear and therefore limited to the perturbative setting near equilibrium for the non-linear models. A similar approach has recently been used in Guo's papers [20, 21, 25, 22, 35] . Previous works in this direction like [19] and [18] had the fact that we take advantage of the mixing properties of the collision operator. Second our proof separates in a very clear way between linear effects in these energy estimates (transport + linear collision), which are expressed in a coercivity estimate on this linear part, and the problems arising from the small remaining bilinear part when considering solutions near the equilibrium. We are able to derive exponential convergence to equilibrium without resorting to norms including time derivatives and in a purely instantaneous manner.
1.2. The models. We will study initial value problems for equations of the form
where N ≥ 1 denotes the dimension of space. In this equation, f denotes the distribution of particles in phase space, therefore it is a time-dependent non-negative L Under very general assumptions, equations of class (1.1) admit a unique equilibrium in the torus, which we shall denote by f ∞ , and which is independent of t, x (this is trivial for relaxation models admitting only mass conservation, and for models admitting conservation of mass, momentum and energy, such as Boltzmann and Landau equations, this is shown easily inspiring from the arguments in [12] and [9] ).
Then one can consider the linearization around the equilibrium. In order to reduce to a Hilbert space setting, one usually considers perturbations of the form f = f ∞ + f 1/2 ∞ h. Discarding the bilinear term, it yields the following linearized equation on h (1.2) where L depends on the precise form of the collision operator Q. The unknown h belongs to L 
where the operator L is a closed and self-adjoint operator on L 2 v , local in t, x. Moreover we assume that it writes
where Λ is a coercive operator in the sense: there is a norm · Λ v on R N (the space of velocities), such that
and also
To shorten the notation we also introduce the norm
H2. (Mixing property in velocity) We assume that K has a regularizing effect in the following sense: for any δ > 0, there is some explicit C(δ) such that for
We make the following local coercivity assumption: there is λ > 0 such that
This together with H1 implies in particular that L is non-positive and has a spectral gap in L 2 v , whose size is bounded from below by
In the structure assumption H1, K shall typically stand for a multiplicative operator by a function ν (usually called the collision frequency) in the case of short-range interactions, or some diffusion operator in the case of long-range interactions. The norm · Λ that we define can also loosely be seen as the norm of the graph of Λ 1/2 . The coercivity of Λ is linked with the coercivity property of the whole linearized collision operator L in H3 (where the word "local" refers to the position x and the fact that it pushes the dynamic towards local equilibrium). This coercivity property is crucial to ensure exponential decay towards equilibrium, even in the homogeneous setting. In the case where it is weakened, which happens for interactions with "weak collision effect" such as soft potentials (see e.g. in [30] ), one expects convergence rates of the form e −t τ with τ < 1 (see [35] ). The kernel of L in L 2 v , which is composed of functions belonging to N (L) for any x, corresponds to the manifold of local equilibriums for the linearized kinetic models. Therefore when the x variable is added, Π l is the projection on the "fluid part", and (Id − Π l ) is the projection on the "kinetic" part. It is defined by
It is trivial that any local equilibrium uniform in space is indeed a global equilibrium. Since L is self-adjoint, the ϕ 1 , . . . , ϕ n belong to the kernel of its adjoint L * , and thus by integrating in x and v we get
Hence we denote
which is time and space independent (this can be shown easily to be the orthogonal projection on N (T ) in L 2 x,v , directly or using the coercivity property of Theorem 1.1).
A detailed study of physical models satisfying assumptions H1-H2-H3 shall be given in Section 5.
1.3.
Main results. First we state the main result on the coervivity estimates on T and the consequence on its evolution semi-group. 
for some explicit constants C T , τ T > 0 depending only on the constants appearing in assumptions H1-H2-H3. More precisely 
Remarks:
1. The method does not rely on an abstract result from spectral theory such as Weyl's theorem, like Ukai's proof of the existence of a spectral gap for the Boltzmann equation for hard spheres in [37] . Hence we do not need the compactness property of K, although we require a regularizing property on K which is strongly related (see the discussion in [29] ). Our method can be seen as a quantitative version of Ukai's result (in the case of the linearized Boltzmann equation). In particular it shows that apart from 0, the spectrum of T is included in
The abstract setting emphasizes what is effectively required from the linearized collision operator to deduce exponential convergence, and it allows to apply the method to other models as well. Since for the linearized Boltzmann equation, it was proved in [37] that T is not sectorial (its essential spectrum is given by a half-plane), our work can also be seen as a method to prove exponential decay of the semi-group for a whole class of non-sectorial operators, which is in general quite tricky. In the particular case of Fokker-Planck type operators, other methods have been developed in [24, 40] to solve this question.
2. In order to obtain a completely quantitative result of convergence to equilibrium, one has to get estimates on the constant λ in assumption H3. This question had remained open for a long time for important physical models such as the linearized Boltzmann collision for hard spheres or the Landau collision operators for hard and moderately soft potentials. It has been solved recently in the works [1, 30, 31] . Therefore this theorem allows to compute rates of convergence explicitly for all the models we consider in Section 5 (except semi-classical relaxation for bosons).
Our second main result is for the nonlinear Boltzmann and Landau models. 
for some explicit constants C, τ > 0. The next theorem deals with the semi-classical relaxation models. 
for some explicit constants C, τ > 0.
Remark: The condition on the form of the equilibrium distribution is in fact trivially fulfilled for the fermionic case. In the bosonic case it is a condition of smallness on κ ∞ and thus on the initial mass. Indeed it is equivalent to impose that the mass of the initial datum is small enough such that no condensation occurs. This is not for technical reasons but necessary to ensure exponential convergence as can be seen from the detailed asymptotics study in the spatially homogeneous case in [14] .
1.4. Outline of the article. The article is structured as follows. In Section 2 we give the proof of Theorem 1.1, which turns out to be very short and simple. Then in Section 3 we expose several extensions of the method. In particular we show how to generalize Theorem 1.1 to higher-order Sobolev norms, and how to include a weak external field or a self-consistent Poisson potential in the study. Section 4 is devoted to the application of the previous study to the genuine non-linear problems of the form (1.1) near equilibrium, and we prove the abstract Theorem 4. We divide the proof into several steps.
Step 1. Since by assumption H3, the operator L is non-positive, the L 2 x,v norm is decreasing along the flow, and it is straightforward to deduce that T generates a strongly continuous contraction evolution semi-group on L Step 2. We estimate the time evolution of the L 2 norm of h. Using the skew symmetry of the transport part together with assumption H3, we find immediately
Step 3. We estimate the time derivative of the gradients in x and v.
• For the gradient with respect to x we obtain, thanks to assumption H3,
• For the gradient with respect to v we get
Using assumption H1 we have
Since Π g (h) = 0 we deduce that Π l (h) has zero mean on the torus, and Poincaré's inequality in the torus yields (for a constant C P only depending on the dimension N )
and thus we get for some explicit constants
Then we write (using assumption H1 and Cauchy-Schwarz's inequality in x)
Step 4. Now it remains to combine equations (2.1), (2.2), (2.3) and (2.4): we pick A, α, β, γ > 0 and compute
For a given β with ν
and such that γ 2 < αβ and α ≥ β. For this choice we obtain
Moreover by Poincaré's inequality we have (since Π l (h) has zero mean on the torus):
for some explicit constant C > 0, and similarly
for some explicit K > 0, and that F(t) is equivalent to the square of the H 1 norm of h. We define the norm H
This concludes the proof.
Some generalizations
3.1. Higher-order Sobolev spaces. In this section we show how to extend the previous method to higher-order Sobolev spaces. Let k ≥ 1 denote the total number of derivatives. Then for two multi-indexes j and l such that k = |j| + |l| we use the shorthand ∂ j l = ∂/∂v j ∂/∂x l . For a multi-index j we shall denote by c i (j) the value of the i-th coordinate of j, for i = 1, . . . , N .
In order to treat the higher-order derivatives we shall strengthen assumptions H1 and H2 into H1'. We assume H1. Moreover we assume that for any k ≥ 1, for any multi-indexes j and l such that k = |j| + |l| and |j| ≥ 1, we have
We assume that K has a regularizing effect in the sense: for any k ≥ 1, for any multi-indexes j and l such that k = |j| + |l| and |j| ≥ 1, for any δ > 0, there is some explicit C(δ) such that
Again these strengthened assumptions are satisfied by the physical models we discussed in the introduction, as we check in Section 5. Now we can formulate the coercivity estimate on T and the consequence on its semi-group. 
for some explicit constants C T , τ T > 0 depending only on the constants appearing in H1'-H2'-H3. More precisely 
and we observe that h will stay in N (T ) ⊥ for all times. For k = 1 the result is given by Theorem 1.1. We proceed by induction on k.
First note that since the equation commutes with x-derivatives we have for the purely x-derivatives the analog of equation (2.2), namely
For derivatives including the v-component (i.e. |j| ≥ 1), by means of H2' with δ ≤ (ν 
For all l with |l| = k and c i (l) > 0, we consider the mixed term
By means of H1 we obtain
For l with |l| = k and i such that c i (l) > 0, we define the following combination of derivatives of order 0 and 1 in v:
By adjusting the constants α, β, γ > 0 and using Poincaré's inequality in the same way as in the proof of Theorem 1.1 in Section 2 it is straightforward to obtain
for some explicit constants c, C > 0, and that the time derivative fulfills the following inequality
for some explicit constants K, C 0 > 0. Now we combine all the derivatives in the following way
By (3.6), F k is equivalent to the square of the homogeneous Sobolev normḢ k . To estimate the mixed terms in the right-handside of (3.8) coming from (3.3), we write |l|+|j|=k,|l|=s
and we derive by combining (3.2), (3.3) and (3.4)
By using (3.6) we end up with
for some explicit constants C + , K − > 0. Together with the induction assumption for F 1 , . . . , F k−1 this concludes the proof of the step k by considering some combination of
3.2. Weak external potential. If the particles are submitted to an external force field, which is given as the gradient of the scalar potential V , the evolution equation on the distribution generalizes in the following way
We still consider for the spatial domain Ω = T
For simplicity we restrict to collision operators for which the problem without potential admits a Maxwellian equilibrium in this section and the next one. Moreover in this subsection we shall restrict further to collisional models admitting only mass conservation as a conservation law, i.e. we restrict to the relaxation model. The stationary solution is given by
where M is the Maxwellian and the constant is determined by the conservation laws. We also assume that the external field is weak in the sense:
for some ε depending on the collision operator.
Then we consider fluctuations around equilibrium of the form
and we compute the following linearized equation on h:
where L is the linearized operator associated with Q as before. We define the operator T by
Let us assume that L satisfies assumptions H1-H2-H3 and that the kernel of L in L 
}.
We only sketch the proof of the following result: We will only show how to establish the bound on first-order derivatives. The generalization to higher-order is straightforward.
Let us consider h ∈ N (T )
Finally for the mixed term we have to replace (2.4) by
Hence following the same arguments as in Section 2, we find the following differential inequality on the quadratic form F:
for some explicit constant a, K > 0. Therefore it concludes the proof for ε > 0 small enough.
Remarks:
1. It is possible that for a spatial domain Ω = R N a modified version of this strategy could be applied, assuming additionally that V satisfies a log-Sobolev inequality on Ω.
2. This subsection about weak external fields illustrates the fact that our method is robust, since it is based on a priori estimates, which remain true up to a perturbation.
3.3. Self-consistent potential. Let us consider a collisional kinetic model for particles which interact through collisions and also through a self-consistent potential. In this subsection we exclude the semi-classical relaxation collision operators. For the potential we consider the physically most common case of Poisson interaction. More precisely
where the coupling is via the density ρ(t, x) = f (t, x, v) dv. The equation models particles interacting by binary collision or by scattering a background medium in thermal equilibrium, and at the same time interacting via electrostatic forces in the case = −1 or by gravitational attraction in the case = +1. Existence of global classical solutions in the large to the Vlasov-Poisson system in the torus has been proven in [2] . For the system including various collision operators, the existence of classical solutions has been established very recently in the articles discussed in the introduction.
We consider the previous equation in the torus x ∈ T N for = −1 (electrostatic interaction). It admits a global Maxwellian equilibrium f ∞ , determined by the global conservation laws (for a more general discussion of the possible equilibria, we refer to [10] for instance).
Then we consider the linearization f = f ∞ + √ f ∞ h around this equilibrium.
Discarding the bilinear terms yields
where L is the linearized collision operator associated with Q. Now let us denote by T p the operator on L 2 defined by
Then (defining Π g as before) we have the following theorem Proof of Theorem 3.3. The proof is almost exactly the same as to the one of Theorem 1.1. Therefore we shall only indicate the differences in the estimates. Essentially the norm has to be modified in order to take into account the interaction energy. For the L 2 norm, one has by integration by parts and using that L is mass conserving
Similarly one has on the gradient in x
For the time evolution of the gradient in v one has the additional term
and for the mixed term, one has the additional terms
Since it is straightforward that all these additional terms as well as the gradient of V can be controlled by the L 2 norm of h, the end of the proof is straightforward as in Theorem 1.1.
1. We need the interaction to be repulsive in order to have the right sign for the interaction energy. For gravitational self-interaction potentials, our method would work as well under an additional assumption of smallness of the potential, i.e. assuming > 0 and ≤ 0 with 0 depending on the collision operator (the proof is similar to the case of a weak external potential).
2. As noticed in [18] , the non-linear term arising from a self-interaction Poisson potential can be controlled by
Therefore one can extend the construction of smooth solutions near equilibrium in Theorem 1.2 to the case when a self-consistent Poisson potential is added, as long as the coercivity norm Λ of the linearized problem is stronger than the norm h v 1/2 L 2 . This is case for instance for the Boltzmann equation for hard spheres (which was the case considered in [18] ), and this is also the case for the Landau equation with γ ≥ −1 (see Subsection 5.5).
Application to full non-linear models near equilibrium
In this section we prove existence and uniqueness of smooth global solutions near equilibrium thanks to the coercivity estimates on the linearized models. This yields also explicit exponential rate of convergence to equilibrium. Obviously there is nothing else to prove for linear models (such as the classical relaxation or linear Fokker-Planck equation). Therefore let us assume that the collision operator is bilinear and let us denote the remaining term in the linearization process f =
In this section we shall consider an operator T satisfying assumptions H1'-H2'-H3 (we make the additional assumptions H1'-H2' in order to get coercivity estimates in higher-order Sobolev spaces). Moreover we shall assume on the bilinear form Γ: H4. There is k 0 ∈ N and C Γ > 0 such that for k ≥ k 0 ,
Then we have
Theorem 4.1. Let Q a (bilinear) collision operator such that (i) equation (1.1) admits an equilibrium 0 ≤ f ∞ ∈ L 1 (T N × R N ); (ii) the linearized operator L = L(h) around f ∞ with the scaling f = f ∞ + f 1/2
∞ h satisfies H1'-H2'-H3; (iii) the bilinear remaining term Γ in the linearization satisfies H4.
Then for any k ≥ k 0 (where k 0 is defined in H4), there is ε 0 > 0 such that for
for some explicit constant C 0 , ε 0 , τ > 0, depending only on the constants appearing in H1'-H2'-H3-H4.
Proof of Theorem 4.1. We explain the proof by a priori arguments, on a given smooth solution. The construction of positive solutions thanks to the estimates above is based on, by now standard, fixed point arguments (we refer the reader to [18, 19] 
for instance).
The function
satisfies Π g (h) = 0 and it solves ∂ t h = T (h) + Γ(h, h).
Then we estimate the time evolution of the H k norm, defined in Theorem 3.1:
We deduce that
Hence we deduce taking ε small enough
This concludes the proof by maximum principle since the Λ norm controls the L 2 norm. 
Proof of the general assumptions for physical models

Linear relaxation. We consider the linear relaxation equation in the torus
(2π) N/2 with mass 1, momentum 0 and temperature 1. This equation preserves the total mass of the distribution
but admits no other conservation law. For a given initial datum f 0 ≥ 0, it admits a unique global equilibrium f ∞ = ρ ∞ M, where ρ ∞ is the total mass of f 0 , defined by
Finally let us add that the Cauchy theory is straightforward for (5.1) since it is linear (see [3] for instance for more details on this equation).
We linearize the equation as
where we have used the classical notation h = h(v ). We split the operator L into
Therefore L satisfies H1 taking · Λ = · L 2 x,v , and assumption H2 follows straightforwardly (with C(δ) = 0) from
Observe also that the strengthened assumptions H1' and H2', that are necessary to ensure decay in higher-order Sobolev norms, are satisfied straightforwardly. The operator L is local in x and t. When x is fixed, it is well-defined and bounded on L 2 v , and it is self-adjoint non-positive on this space. More precisely its Dirichlet form is given by
Therefore its kernel is N (L) = Span {M }, and we define Π l the (orthogonal) projection on this space in L 2 v :
Then it is straightforward that L has a spectral gap
Hence assumption H3 is satisfied.
Semi-classical relaxation.
Let us now modify the previous relaxation equation in order to take into account quantum effects associated with the Pauli's exclusion principle. We thus consider the following semi-classical model (weakly nonlinear) for charged particles (here ∈ {−1, 0, 1}):
, where M is the normalized Maxwellian as before, and we have used the shorthand f = f (v ). Regardless of the choice of this scattering operator is mass preserving but admits no other conservation law. The case = 0 is the standard linear relaxation model of the previous subsection.
In the case = 1 this operator is probably the simplest model describing a gas of fermions relaxing towards the thermodynamic equilibrium for a perfect fermigas, that is the Fermi-Dirac distribution. The operator Q +1 describes the interaction of the fermions with a background medium at rest with constant temperature. The factors (1 − f ) correspond to correlation of particles before and after collision due to Pauli's exclusion principle. Note that this modification of the standard relaxation mechanism is (at least for the usual range of temperatures and densities) necessary only in particular regimes, such as the one of a gas of electrons. Those are, due to their small mass, most likely to satisfy Sommerfelds degeneracy condition (see [8] ). This equation can be seen as the scattering counterpart of the full fermion Boltzmann equation studied for example in [13, 8] . For a more detailed introduction to models describing scattering as well as binary collisions for fermions see [28] . For this model, a Cauchy theory can be obtained using maximum principle arguments to treat the (weak) nonlinearity (see [33] ) assuming some bounds on the initial datum. The long-time behaviour of solutions to this equation has been studied by the EEPmethod in [33] (leading to polynomial rates of convergence to equilibrium), however the necessary uniform regularity bounds on the solution were assumed.
In the case = −1, Q −1 describes the interaction of bosons with background medium at rest with some constant temperature, and is probably the simplest model describing a gas of bosons relaxing towards the thermodynamic equilibrium for a perfect bosongas, that is the Bose-Einstein distribution. In this setting the existence of a boson in a velocity and space interval will increase the chance of another boson being scattered to this interval (see [8] ). This mechanism leads to Bose-Einstein condensation for low temperatures and large densities. However since we linearize around the regular equilibrium we cannot describe this phenomenon but only the situation farther away from the critical mass for the phase transition. In the spatially homogeneous setting very precise asymptotics including optimal rates for the convergence above as well as below the critical mass have been given in [14] . The authors study a model for Compton scattering of photons against electrons. In the non condensate case their model -in an appropriate scaling -is analogous to the one we study here because in this case their cross-section is bounded away from 0. The authors prove exponential convergence in the non-condensate case, which is consistent with the result we obtain in the x-dependent situation. Moreover they derive an optimal rate for the convergence in the condensate case which is only polynomial. Thus is seems unavoidable to impose a bound on the initial mass to retain exponential convergence. The existence of solutions to a more elaborate collisional model (in the spatially homogeneous case) has been shown in [26] (see also [27] ). In the same work the weak convergence to regular equilibrium states (similar to the ones that our simplified model admits) has been shown to hold true above a specific temperature, larger than the critical one, and for which an explicit bound is given.
The equation preserves the total mass of the distribution
and admits (recalling in the boson case the bound imposed on the initial datum in Theorem 1.3) a unique equilibrium
where κ ∞ is determined by the mass ρ of f 0 . We linearize the equation for a general scaling f = f ∞ + m h (m is a given positive function). Discarding the bilinear term, the equation for h reads after straightforward computations
We make the choice m = (1 + κ ∞ M)
and Λ is the multiplicative operator by ν with
Again the strengthened assumptions H1' and H2' are also satisfied straightforwardly. The resulting operator L is local in x and t. When x is fixed, it is well-defined and bounded on L its Dirichlet form is given by
Therefore its kernel is
We define Π l the (orthogonal) projection on this space in L
First let us explain how to show assumption H3 by non-constructive approach. As ν ≥ ν with ν = inf R N ν > 0, we deduce that the (bounded) multiplicative operator Λ on L It is interesting to note that if the mass in the boson case matches the critical one then ν is still nonnegative but it becomes zero for v = 0, which of course is the place where condensation happens. In this case our method breaks down because we lack the spectral gap (the essential spectrum reaches 0 and one only expect some polynomial rates of convergence to equilibrium, which is consistent with [14] ).
Second we restrict to the fermionic case ( = 1) and we explain how to estimate explicitly λ L . Let us consider some function h orthogonal to
Hence we deduce that
From the exact formula for f ∞ it is straightforward that f
We get
Since in the fermionic case ν ≥ (κκ ∞ )
, we deduce that L has a spectral gap λ 0 , with the explicit estimate:
is explicit. Now we want to establish the bound H4 on the bilinear part. It is given by
Therefore H4 is immediately obtained by using Leibniz rule on higher-order derivatives, the trivial bound
on Γ, and Sobolev embeddings (which requires that E(k 0 /2) > N/2 where E denotes the entire part of a real number).
Remark: The scaling that we used to linearize the collision operator is not exactly the same as in Theorem 4.1 since we choose m = f 
This equation preserves the total mass of the distribution
and M is the normalized Maxwellian distribution
with mass 1, mean 0 and temperature 1. We study fluctuations around the equilibrium in the form
We split the operator L into
(K = 0 is typical for a purely diffusive collisional model). Assumption H2 is obviously fulfilled with C(δ) = 0.
Let us prove that L satisfies H1 taking
Indeed one can check by integration by part that this norm is stronger than the L 2 norm, and straightforward computations yields
for explicit constants C 1 , C 2 > 0. Moreover the operator L is local in x and t. When x is fixed, it is well-defined and bounded on L 2 v , and it is self-adjoint non-positive on this space. More precisely its Dirichlet form is given by
Classical computations based on Poincaré's inequality with measure M show that
Then combining (5.5,5.6) yields
for some explicit constant λ > 0.
Finally we have
The two last inequalities conclude the proof of H1 and H3. 
with a collision operator
We adopt the notations f = f (v ), f * = f (v * ) and f * = f (v * ), where Boltzmann's collision operator has the fundamental properties of conserving mass, momentum and energy
and satisfying celebrated Boltzmann's H theorem, which writes formally
The equilibrium distribution is given by the a Maxwellian distribution
where ρ ∞ , u ∞ , T ∞ are the density, mean velocity and temperature of the gas
which are determined by the mass, momentum and energy of the initial datum thanks to the conservation properties.
The main physical case of application of this subsection is that of hard spheres in dimension N = 3, where (up to a normalization constant)
More generally we shall make the following assumption on the collision kernel: B1. We assume that B takes the product form (5.9) with Φ and b non-negative and not identically equal to 0. This decoupling assumption is made for the sake of simplicity and could probably be relaxed at the price of technical complications. B2. Concerning the kinetic part, we assume Φ to be given by
with γ ∈ [0, 1]. It is customary in physics and mathematics to study the case when Φ(v − v * ) behaves like a power law |v − v * | γ , and one traditionally separates between hard potentials (γ > 0), Maxwellian potentials (γ = 0), and soft potentials (γ < 0). We assume here that we deal with hard potentials (or Maxwell molecules). This assumption is crucial since for soft potentials, the linearized operator has no spectral gap.
B3.
Concerning the angular part, we assume that it is C 1 with the controls from above
This assumption implies in particular that B satisfies Grad's angular cutoff (see [16] ). Note that the smoothness assumption on b is made for the sake of simplicity and could be relaxed by using truncations and mollifications in the proof.
When b is integrable on the sphere S N −1 (as here thanks to B3), we define
Without loss of generality we set b = 1 in the sequel. Then one can split the collision operator in the following way
We introduce the so-called collision frequency (5.12) and denote by ν 0 > 0 the minimum value of ν.
Using the notation M = M 1/2 the linearized collision operator is given by
L is self-adjoint on the space L 2 v . It splits between a multiplicative part and a non-local part as follows
Controls from below on the collision kernel are necessary to ensure the existence of a spectral gap for the linearized operator. Under our assumptions, the nonconstructive proof of Grad shows that L has a spectral gap. Moreover explicit estimates on the spectral gap λ L have recently been obtained in [1] and extended to explicit estimates of the form (5.14) in [30] . Following these results L satisfies H3 (for the norm Λ) with explicit bound. Now we fix some δ > 0 and check that L satisfies assumption H2. Concerning the part L * , this accounts essentially to Young's inequality. We easily compute the kernel of the operator
We introduce the splitting k * = k * ,s
where I denotes some mollified indicator function. This induces the corresponding
Hence we deduce , and apply the same kind of estimates as in [29] . We make the changes the variables
: the jacobian is equal to 1;
• then keeping ω fixed, decompose orthogonally u = u 0 ω + W with u 0 ∈ R and W ∈ ω ⊥ : the jacobian is equal to 1;
.
Thus we get
This kernel can be written as
Moreover it is shown in [7, Chapter 7 
We use this to perform the splitting
where I denotes some mollified indicator function. The corresponding decomposition of L is denoted by
Hence we deduce
as long as ε is small enough. This concludes the proof by gathering (5.15), (5.16), (5.17) and (5.18) .
Finally let us consider the bilinear part given by
with the notation u = v − v * . We estimate
Together with Leibninz formula to differentiate Γ according to v and x and Sobolev embeddings this concludes the proof of H4 for E(k 0 /2) > N/2.
The Landau equation. This subsection deals with the Landau equation (for
which features the collision operator
where A(z) = |z| 2 Φ(|z|) P(z), Φ is a non-negative function, and P(z) is the orthogonal projection onto z
In this brief notation f * stands for f (v * ). This operator is used for instance in models for plasma. In this case the interaction among the particles is via the Coulomb potential and Φ(|z|) = |z| 
L is self-adjoint on the space L 
Estimate H2 on K is easily verified since
where the kernel
belongs straightforwardly to L Now we can draw on the technical estimates proved in [19] . First we define the norm
which is stronger than L ] by non-constructive arguments (and an explicit proof is given in the work in progress [31] ). This concludes the proof.
5.6.
Remarks on other models. Linear models of radiative transfert in the torus enter straightforwardly our abstract framework. It is likely that linear scattering Boltzmann models or semi-conductors collisional models also do so. Also it is easy to see on the linear relaxation models (as well as on more general linear scattering models) that one could add with very few changes in our proof some scattering rate Σ = Σ(x) depending on x in front of the collision operator: assuming that Σ ∈ C ∞ and ∀ x ∈ T N , 0 < Σ − ≤ Σ(x) ≤ Σ + < +∞ for some constants Σ − , Σ + > 0, the conclusion of Theorem 1.1 still holds.
For the Boltzmann equation with soft potentials and Grad's angular cutoff, smooth solutions near the Maxwellian equilibrium have been built in Guo [20] : by including polynomial weight in v depending on the order of the derivatives in the energy estimates, it is likely that one can adapt our proof to build a norm which is decreasing along the flow inspiring from [20] . However in this case the integro-differential operator T is not coercive for this norm, instead it satisfies degenerated coercivity estimates for some weaker norms. This is enough to built smooth solution, but does not yield exponential convergence towards equilibrium. Nevertheless as noticed in [35] one can deduce from it polynomial rates of decay to equilibrium by interpolating between a ladder of norms.
Our analysis works at the linear level for the linearized Boltzmann equation for hard potentials without Grad's angular cutoff assumption (in this case explicit spectral gap estimates on L can be found in [1] ). However at now it is not known how to control the non-linear term in terms of a coercivity norm Λ adapted to the linearized operator. In [30] (see also [31] ), it is shown how to write the linearized collision operator in the form K − Λ with some regularizing K and some coercive Λ, and how to obtain coercivity estimates on L. The functional space of these coercivity estimates is a local Sobolev space with the right fractional order, but which does not seem sufficient to control the non-linear term.
